Abstract. Let M be a simply-connected closed oriented N -dimensional manifold. We prove that for any field of coefficients lk there exists a natural homomorphism of commutative graded algebras Γ :
Introduction
Let M be a simply connected N -dimensional closed oriented manifold with base point m 0 . We denote by M Indeed H * (M ) becomes a commutative graded algebra with the intersection product, and H * (M S 1 ) a commuative graded algebra with the loop product defined by Chas and Sullivan [1] . The definition of the loop product works as follows: Let α : n → M 
Our first result reads: 
induces a morphism of commutative graded algebras
Denote by ω the fundamental class of M in homology. Then ω ∈ H 0 (M ) = H N (M ) ∼ = lkω is the unit of the algebra H * (M ). The homomorphism H * (g) restricts to a morphism of commutative graded algebras
The composition of Γ with the Hurewicz map h :
is a morphism of graded vector spaces
which in turn induces the dual morphism 
Also recall that if lk is a field of characteristic zero and A is a commutative graded lk-algebra, then the Hochschild homology of A, HH * (A; A), admits a Hodge decomposition ( [8] ):
Since C * (M ) is quasi-isomorphic to a commutative graded differential algebra A, we derive from the previous considerations a Hodge decomposition on the free loop space cohomology of M ,
We prove:
Theorem 2. If lk is a field of characteristic zero, then
Theorems 1 and 2 are proved respectively in sections 2 and 3. Section 4 contains examples and final remarks.
Proof of Theorem 1
We denote by q : M S 1 → M the free loop space fibration and by Sect (q) the space of sections of q. The composition of loops makes Sect (q) into a monoid with multiplication µ defined by
Clearly the map ψ :
is a homeomorphism of monoids making commutative the diagram
where ev denotes the evaluation map.
To prove Theorem 1, it therefore suffices to establish that the evaluation map
) is a morphism of graded algebras.
We first remark that Chas and Sullivan prove that the morphism H * (σ 0 ) : Recall now that the unit of
is the homology class of the sum i n i α i where α i denotes the composition
Thus let α :
r → Sect (q) and β : s → Sect (q) be simplices. Since the simplices q • α and q • β are transverse in M , the Chas-Sullivan product
is well defined, c denoting pointwise composition of loops.
As the multiplication µ makes commutative the diagram
the map α · β is equal to µ(α, β) . Therefore the restriction of H * (ev) to the component lkω ⊗ H * (Sect (q)) is also a morphism of algebras. Finally let α : r → M and β : ∆ s → Sect (q). Then the simplices α and qβ are transverse and the Chas-Sullivan product α · β is equal to ev(α × β). Therefore H * (ev)(α) · H * (ev)(β) = H * (ev)(α ⊗ β).
Proof of Theorem 2
Since Q ⊂ lk we may as well suppose that lk = Q. Hereafter we will make extensive use of the theory of minimal models in the sense of Sullivan ([12] ), for which we refer systematically to [5] , §12. We denote by (∧V, d) the minimal model of M . By [13] 
This induces a new graduation on H
* (M S 1 ), H * (M S 1 ) = k H * (k) (M S 1 ) with H * (k) (M S 1 ) = H * (∧V ⊗ ∧ k sV, D) .
In [14], Vigué proves that this decomposition coincides with the Hodge decomposition of the Hochschild homology H * ((∧V, d); (∧V, d)):
. By the Milnor-Moore Theorem ( [11] ), H * (Sect (q); Q) is isomorphic as a Hopf algebra to the universal enveloping algebra on the graded homotopy Lie algebra π * (Ω aut 1 M ) ⊗ Q. Thus Theorem 2 in the Introduction is a direct consequence of Theorem 3 below.
Theorem 3. Let
Proof. We first construct a quasi-isomorphism ρ :
For this we denote
and we choose a supplement
The homomorphism ρ extends to a quasi-isomorphism ρ ⊗ 1 :
Denote by (a i ) , i = 1, . . . , n, a homogeneous linear basis of A with a n = ω, and by (a 
Since D(sV ) ⊂ A ⊗ sV and θ is a morphism of differential graded algebras, then
We now fix some notations:
denotes the projection on the complex of indecomposable elements,
The dual of Φ 1 ,
and vanishes on (A ⊗ ∧ ≥2 sV, D).
Lemma. The duality map
Proof. Denote by α k ij and β j i rational numbers defined by the relations 
Recall that {a
Problem. We would like to know if the homomorphism
is surjective. It is true for example when M = CP 2N . When Γ is surjective there is a strong connection between the behaviour of the sequences of Betti numbers dim H i (M Here the multiplication on the right is the product of the intersection product on H * (M ) with the usual Pontryagin product on H * (ΩM ).
Example 2.
Let us assume that M is a Q-hyperbolic space satisfying either (H + (M )) 3 = 0 or (H + (M )) 4 = 0, and M is a coformal space. Recall that a space M is Q-hyperbolic if dim π * (M ) ⊗ Q = ∞ and is coformal if the differential graded algebras C * (ΩM ) and (H * (ΩM ), 0) are quasi-isomorphic. Under the above hypothesis, in [15] Vigué proves that there exist an integer n 0 and some constants C 1 ≥ C 2 > 1 such that
We deduce from Theorem 3 that the same relations hold for the sequence of dimensions of π i (aut M ) ⊗ Q, i.e., in both cases the sequences of Betti numbers have exponential growth.
